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INTRODUCTION

This study looks at the collaboration of two mathematical frameworks—the Pade
polynomials and the Shammas Polynomials. The study combines both frameworks
to approximate several common functions. This study uses x and y data (calculated
from the functions being approximated) without any data transformation. Please do
not be initimidated by the page count of this study. Most of the pages contain
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calculation results. You can quickly browse through this document. You are
probably best served by focusing on the tables that summarize the results of fitting
various functions with Pade-Shammas polynomials.

The Pade Polynomials
Pade polynomials are polynomial ratios defined as:

_ _Qm(x)
y - Pm,n(x) - Dn(x) (1)
Where Qn(X) is defined as:
Qm(X) =ao + X2  a; x (2)
And Dp(x) is defined as:
Do (}) =1+ X7, by x* 3)

The Pade polynomials have more flexibility that ordinary legacy polynomials. The
trick is to find the optimum values for m and n which are the orders of the
polynomials Qm(X) and Dy(X). This study uses swarm optimization to determine
these optimum values within the range of (2, 7). The general multiple regression
model used to fit Pade polynomials is:

y=ao+Xit,a;x i‘Z?ﬂbiyxi (4)
Or,
y_ a0+21 1alx +Zl 1Clyx (5)

Where c(i) = —b(i). This study uses the model in equation 5.

The Shammas Polynomials

In the HHC 2008 conference in Corvallis, Oregon, | introduced the Shammas
polynomials as polynomials with non-integer powers. | explained that the powers
of such polynomial change using some math expressions that involves the
polynomial term sequence number. Moreover, the study explained that such
expressions must never produce the same powers of two or more terms. In the
2008 presentation | showed that the Shammas polynomials can have multiple terms
with a smaller power range compared to regular polynomials. This feature allows
better curve fitting with Shammas polynomials that avoids the instability of raising
large or small numbers to high powers. If you are not familiar with Shammas
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polynomials, then you can download my 2008 presentation using the following
link:

http://www.namirshammas.com/NEW/ShammasPolynomials.pdf.

A Shammas polynomial has the following general form:
y= ao+XiL, a; xI¥GARO (6)

Where A, B, and C are fixed constants. Using C is optional. The function gx(i, A,
B, C) supplies the math expressions used to calculate the powers of the Shammas
polynomial. The powers can be integers. In most cases, the powers are non-
integers.

The Pade-Shammas Polynomials
The Pade-Shammas polynomials combine Pade and Shammas polynomials
concepts. They have the following multiple regression general form:

Y= a, + Z:Z1 a; xgxl(i,A,B,C) . Z?=1 bi y xgxz(i,A,B,C) (7)

Notice that the integral powers in normal Pade polynoomials are replaced with
power functions gx1() and gx2() that can be identical or different. The latter type
gives the Pade-Shammas polynomials, in general, more flexibility in fitting a given
set of (X, y) data. This statement is truer when the values of A, B, and C (when
used) are different for the gx1() and gx2() functions. Part Il of this study uses this
scheme to give more flexibility to Pade-Shammas polynomials. Also note that Part
IB conducts the Pade-Shammas polynomial fitting on the same functions but
without normalizing the x and y data.

When using the Pade-Shammas polynomials to calculate new values employee the
following equation:

y= [ag+ X, a;x91GABO] 11+ 31| by x972(LABO)] (8)

=1 am appending my last name to the name Pade in an effort to make sure it is a
unique combined name. Using a more general descriptive name risks conflicts with
other mathematicians that may use the same descriptive name for different types of
Pade polynomials. | certainly would like to avoid unpleasant communications with
these fine mathematicians!
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This study looks at Pade-Shammas polynomials used to approximate common
functions that include:

e Trigonometric functions and their inverses.
e Hyperbolic functions.

e Logarithmic functions.

e Exponential functions.

e Bessel functions Jo(x) to Js(X).

e The sine and cosine integrals.

e The Fresnel sine and cosine.

e Inverse student-t functions.

e The common logarithm of the gamma function.
e The digamma function.

e The trigamma function.

The digamma function is defined as:

Y0 =16 /T = T ©

The following Matlab function implements the code for the digamma function:

function y = digamma (x)
$DIGAMMA Summary of this function goes here
% Detailed explanation goes here
h = 0.001;
fp = gammaln (x+h) ;
fm = gammaln (x-h);
y = (fp -fm)/2/h;
end

The above implementation of the digamma function was suggested by Albert
Chan, a member of the hp museum web site, in a post he wrote on that site. The
above code gives slightly more accurate results than the expression (gamma(x+h)-
gamma(x-h)/(2*h)/gamma(x).

The trigamma function is defined as:

2
Y109 == In(I(x)) (10)

The following Matlab function implements the code for the trigamma function:

function y = trigamma (x)
$DIGAMMA Summary of this function goes here
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% Detailed explanation goes here
h = 0.001;
fp = gammaln (x+h) ;
fm = gammaln (x-h);
f0 = gammaln (x) ;
y = (fp -2*£f0 + £fm)/h/h;
end

The study works with Pade-Shammas Polynomials that use the following ten
equations to calculate the powers of Shammas polynomial terms:

Power = A + B*i (11)
Power = A + B/i (12)
Power = A+B*sqrt(i) (13)
Power = A+B*sqrt(i+C) (14)
Power = A+B*i+C*(i-1) (15)
Power = A+B*i—C*(i-1) (16)
Power = A+B*i+C*sqrt(i-1) (17)
Power = A+B*sqgrt(i)+C*(i-1) (18)
Power = A+B*sqrt(i)+C*sqrt(i-1) (19)
Power = A + B * [logso(i)]* (20)

Where A, B, and C are constants, and i a variable that represents the term number
in a Pade-Shammas polynomial. The last equation introduces a new power
expression not used in the Shammas Polynomial approximation study.

There are several choices that we can use to determine the best Pade-Shammas
polynomial orders and the best values for parameters A, B, and C. The best one is
to use an optimization function to determine the best Pade-Shammas polynomial
order and the best values for parameters A, B, and C. The function would use
ranges for the polynomial orders as well as the values for A, B, C.

The study uses the Matlab particle swarm optimization function to select the best
Shammas polynomial orders (for Qn(x) and Dm(x)) along with the best values for
A, B,and C.

= Please note that | use the following model to perform the multiple regression:
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y = a, + Z:Z1 a; xgxl(i,A,B,C) + 2?21 bi y xng(i,A,B,C) (20)

| added the second set of summations instead of subtracting them (as in equation
6). Therefore, when you use the regression coefficients, use the following
equation:

y = [ao + X2y ax9¥1EABO] /[1 - F | by x9¥2GABC] (21)

Notice the minus sign after the constant 1 in equation 21. | use equation 21 in the
Matlab functions PadeShamPoly2() and PadeShamPoly3() that | present in the next
section.

= The approximations that | obtain are typically for a defined and suitable
interval. It is your responsibility to implement expanded versions of the
approximation functions that take wider ranges if arguments and map them onto
the interval used. For example, given that my approximation for logio(x) uses the
range (1, 10), to calculate log;0(235) use:

l0g10(235) =

log10(2.35 * 100) =
l0910(2.35) + 10910(100) =
l0g10(2.35) + 2

The argument of the logio(x) function in the last line falls in the interval (1, 10).

MATLAB CODE

The algorithm in this study uses particle swarm optimization to obtain the best
values for parameters A and B in a prespecified range of Pade-Shammas
polynomial orders for Q,(x) and Dm(X).

This study uses the function PadeShamPoly2 () to perform various Pade-Shammas
polynomial curve fitting:

function PadeShamPoly2 (fx,gx,xRange,Lb,Ub, runNum, sFxName,diaryFilename)
$PADESHAMPOLY2 Summary of this function goes here

% Detailed explanation goes here

clc

global bDeleteIfExists

global bUseDiary

global xdata

global ydata

global orderA
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global orderB
global ggx

warning('off','all')

if isempty (sFxName)
sFxName = getFuncName (£fx) ;

end

xdata = xRange';

ydata = xdata;

for i=1l:length (xdata)
ydata(i)=fx (xdata(i)) ,

end
ggx = gx;
xmin = min(xdata) ;

xmax = max (xdata) ;
fprintf ('Fitting %s in range (%f, %f)\n', sFxName, xmin ,xmax) ;

options = optimoptions ('particleswarm',6 'Display', 'iter');
[x,psAICc] = particleswarm(@optimFunc,4,Lb,Ub,options) ;

A =x(1);

B = x(2);

orderA = round(x(3));
orderB = round(x(4)) ;
if bUseDiary
diaryFilename = strrep(diaryFilename, ".txt", strcat("_",
num2str (orderAd) ," ", num2str (orderB),"_ run", num2str(runNum),h".txt"));
if exist(diaryFilename, 'file')==
if bDeletelIfExists
delete(diaryFilename) ;
else
return;
end
end
end
X =1[];
for i=l:orderA
xs = xdata.”gx(i,A,B);
X = [X;xs'];
end
for i=1l:orderB
xs = ydata.* (xdata.”gx(i,A,B));
X = [X;xs'];
end
X =X';
Im = fitlm(X,ydata) ;
if bUseDiary
diary(diaryFilename)
end
fprintf ('Fitting %s in range (%f, %f)\n', sFxName, xmin ,xmax);
sp = getFuncName (gx) ;
fprintf ('Pade-Shammas polynomial power is %s\n', sp);
format long
disp(1m) ;
anva = anova (lm, 'summary') ;
disp (anva) ;
format short
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fprintf('A = %f£, B = %$f\n', A, B);
fprintf('order Q(x) = %f, order D(x) = %f\n', orderA, orderB);
fprintf ("Xmin %$f and Xmax = %f\n", xmin, xmax);
fprintf ("¥min = %$f and Ymax = %f\n", ymin, ymax);
lstPwrA = zeros (orderA,l);
for i=l:orderA
1stPwrA (i) = gx(i,A,B);
end
1stPwrB = zeros (orderB,1) ;
for i=1l:orderB
1stPwrB(i) = gx(i,A,B);
end
fprintf ('List of powers for Q(x): ['):
for i=1l:orderA-1
fprintf ('%f, ', lstPwrA(i));
end
fprintf ('$£f]\n', lstPwrA(orderd)) ;
fprintf ('List of powers for D(x): ['):
for i=1l:orderB-1
fprintf ('%f, ', lstPwrB(i));
end
fprintf ('$£f]\n', lstPwrB(orderB)) ;
fprintf ('Fitting %s in range (%f, %f)\n', sFxName, xmin ,xmax);
n = length(xdata) ;
sumsqgr = 0;
for i=1:n
gx = lm.Coefficients{1,1};
for j=2:orderA+l
gx = gx + lm.Coefficients{j,1} * xdata(i)“*lstPwrA(j-1);
end
dx = 1;
k=1;
for j=orderA+2:orderA+l+orderB
dx = dx - 1lm.Coefficients{j,1} * xdata(i)*1lstPwrB(k)
k=%k +1;
end
yc = gx/dx;
sumsqgr = sumsqgr + (ydata(i) - yc)*2;
end
k = orderA + orderB + 1;
fprintf ('MSS of errors squared = %e\n', sqrt(sumsqr)/n);
fprintf ('Corrected MSS of errors squared = %e\n', sqgrt(sumsqgr)/n*sqrt(2));
fprintf ("R-Squared = %12.8f\n", 1lm.Rsquared.Ordinary);
fprintf ("R-Squared Adjusted = %12.8f\n", lm.Rsquared.Adjusted) ;
AIC = 1lm.ModelCriterion.AIC;
AICc = AIC + 2*k*(1 + (k+1)/(n-k-1));
fprintf ('Particle swarm AICc = %e\n', psAICc);
fprintf ('AIC = %e\n', AIC);
fprintf ('AICc = %e\n',6 AICc);

if bUseDiary
diary off

end

end

function AICc = optimFunc (x)
global xdata
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global ydata
global orderA
global orderB

global ggx
A =x(1);
B = x(2);

orderA = round(x(3));

orderB round(x(4)) ;

X = [1;

for i=l:orderA
xs = xdata.”ggx(i,A,B);
X = [X;xs'];

end

for i=l:orderB
xs = ydata.* (xdata.”*ggx(i,A,B))
X = [X;xs'];

end

X =X';

Im = fitlm(X,ydata);

n length (xdata) ;

k orderA + orderB + 1;

AIC = 1lm.ModelCriterion.AIC;

AICc = AIC + 2*k*(1 + (k+1)/(n-k-1));

if isinf (AICc), AICc = -le+99; end
end

function sFx = getFuncName (fx)
sFx = func2str (£x);
if sFx(1:2)=="@ ("
i = strfind(sFx,")");
sFx = sFx(i(1l)+1l:end);
elseif sFx(1l)=="@"

sFx = strcat(sFx(2:end),".m");
else
% return sFx as is
end
end

The parameters of function PadeShamPoly2 () are:

e The parameter fx is the handle (or inline function) for the function being
approximated. An example is @(x)cos(x) which also shows the

recommended format for the argument of parameter fx.

e The parameter gx is the handle (or inline function) for the function that
calculates the powers of the Shammas polynomial. An example is
@(i,A,B)A+B*sqrt(i) which also shows the recommended format for the

argument of parameter gx.

e The parameter xRange is the array that specifies the minimum value,
increment value, and maximum value for the range of approximation.
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The parameter Lb is is the array of lower limits for the parameters A and B,
and the Shammas polynomial order. An example is [0.1 1 3].

The parameter Ub is is the array of upper limits for the parameters A and B,
and the Shammas polynomial order. An example is [1 4 5].

The parameter runNum specifies the run number. The arguments for this
parameter have nothing to do with the calculations and serve in fine tuning
the name of the diary files, when used.

The optional parameter sFxName is the name of the approximated function.
An example is “cos(x)”.

The parameter diaryFilename is the name of the diary file. An example is
“cos_1.txt”.

The above listing performs the following tasks:

1.

© N o o

Initialize the data for the curve fitting. The function uses the global variables
xdata and ydata to store the data for the polynomial fitting.
Store the handle of function gx in the global handle ggx.
Set the optimization options and then call the Matlab function
particleswarm(). The function call returns the optimized values of A and B
and the optimum value for corrected Akaike information criterion (AlCc).
The arguments for this function call are:

a. The handle to the local function optimFunc() that calculates the root

mean sum of errors squared.

b. The number of optimized variables which is 2.

c. The lower and upper bounds arrays, Lb and Ub, respectively,

d. The optimization parameters for function particleswarm().
Retrieve the optimum values and perform a Shammas polynomial fit for the
best values of A and B.
Display the results of the regression and its associated ANOVA table.
Display the list of Shammas polynomial powers.
Display the range of the approximated function.
Calculate and display the value of the mean square root of the sum of
squared errors. This statistic serves as a check that the Shammas polynomial
performs well in checking the training data.
Calculate and display the value of the corrected mean square root of the sum
of squared errors. This value equals the mean square root of the sum of
squared errors multiplied by the square root of the number of Shammas
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polynomial parameters (i.e. A, B, and C, if used). In the case of
PadeShamPoly2(), the function uses square root of 2.

10.Calculate and display the corrected Akaike information criterion. This
statistic is calculated using:

AIC = n * In(SSE/n) + 2*k (8)
AICc = AIC + 2*k*(k+1)/(n-k-1) (9)

Where n is the number of observations, k is the total number of regression
coefficients (including the intercept), and SSE is the sum of squared errors. The
program obtains the value of AIC using Im.ModelCriterion.AlIC. The program uses
equation (3) to calculate the value for AlCc.

11. Close the diary file, if one is used.

The function optimFunc() obtains the array x containing the current values of A
and B, and the best Shammas polynomial order. The function calculates the
transformed variables needed to perform a curve fit for a Shammas polynomial.
This task calls the Matlab function fitim(). The optimFunc() function returns the
AlCc as its result. | am using this statistic since the optimization is dealing with
different Shammas polynomial orders and thus a varying number of polynomial
coefficients.

The function getFuncName() returns a string-type function name given a handle of
a function. The best way to take advantage of this function is to supply arguments
like @(x)cos(x) and @(x,A,B)A+B*sqrt(x). Such arguments allow the function to
discard the part that declares the variable(s) and return the part that comes after the
first closed parenthesis (e.g. cos(x) and A+B*sqrt(x) for the above examples). If
you supply an argument like @fx1 which refers to the file fx1.m that defines the
function fx1() then the function getFuncName() returns fx1.m. This string value
indicates that you a rereferencing a separate Matlab file that implements the code
for fx1.

It is worth going over the code that estmates the values of y to calculate the sum of
error squared:

n = length(xdata) ;
sumsqgr = 0;
for i=1:n
gx = lm.Coefficients{1l,1};
for j=2:orderA+l
gx = gx + lm.Coefficients{j,1} * xdata(i)“*lstPwrA(j-1);
end
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orderA+2:orderA+l+orderB
dx - lm.Coefficients{j,1} * xdata(i)“*1lstPwrB(k)
k=k +1;

yc = gx/dx;
sumsqgr = sumsqgr + (ydata(i) - yc)*2;
end

The above code used the arrays IstPwrA and IstPwrB to store the powers used in
the Shammas polynomials Q,(x) and D (X), respectively. The first for loop
calculate the value for Shammas polynomials Qn(x) using variable gx. Notice that
the code initializes the value of gx using the intercept of the regression model. The
loop accesses the powers of Qn(X) using IstPwrA(j-1). The second for loop
calculates the value for Shammas polynomials D (Xx)using variable dx. Notice that
the code initializes the value of dx using the constant 1. The loop accesses the
powers of Qn(Xx) using IstPwrB(Kk). Here k is initialized with the value 1 and is
incremented in the for loop. Also noticed that the value of variable dx is
decremented with the expression Im.Coefficients{j,1} * xdata(i)*IstPwrB(k). |
have explained the above code because you may need similar code to estimate
other values of y given an array (or scalar) of x, as shown below:

n = length(your xdata);
for i=1:n

gx = lm.Coefficients{1l,1};

for j=2:orderA+l

gx = gx + 1lm.Coefficients{]j,1} * your xdata(i)“*lstPwrA(j-1);
nd

[}

&
"

Hh &

= 1:
or j=orderA+2:orderA+l+orderB
dx dx - lm.Coefficients{j,1} * your_ xdata(i)“1lstPwrB(k);
k =k + 1;
end
your_y (i) = gx/dx;
end

-~

Under the current calculation scheme, note that, the function PadeShamPoly?2 ()
does not explicitly iterate over different values of A and B. It delegates that task to
the Matlab function particleswarm().

The study also uses the function PadeShamPoly3() to work with Shammas
polynomial powers that use parameters A, B, and C:

function PadeShamPoly3 (fx,gx,xRange,Lb,Ub, runNum, sFxName,diaryFilename)
%$PADESHAMPOLY3 Summary of this function goes here

% Detailed explanation goes here
clc
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global bDeleteIfExists
global bUseDiary
global xdata

global ydata

global orderA

global orderB

global ggx

warning('off','all')
if isempty (sFxName)
sFxName = getFuncName (£fx) ;
end
xdata = xRange';
ydata = xdata;
for i=1l:length (xdata)
ydata (i)=fx (xdata(i)) ,
end
ggx = gx;

xmin = min(xdata) ;
xmax = max (xdata) ;
fprintf ('Fitting %s in range (%f, %f)\n', sFxName, xmin ,xmax);

options = optimoptions('particleswarm',6 'Display', 'iter');
[x,psAICc] = particleswarm(@optimFunc,5,Lb,Ub,options) ;

A =x(1);

B = x(2);

C =x(3);

orderA = round(x(4))
orderB = round(x(5));
if bUseDiary
diaryFilename = strrep(diaryFilename, ".txt", strcat("_",
num2str (orderdA) ,"_", num2str (orderB),"_ run", num2str (runNum),".txt"));
if exist(diaryFilename, 'file')==
if bDeletelIfExists
delete(diaryFilename) ;
else
return;
end
end
end
X =11;
for i=l:orderA
xs = xdata.”gx(i,A,B,C);
X = [X;xs'];
end
for i=1l:orderB
xs = ydata.* (xdata.”gx(i,A,B,C));
X = [X;xs'];
end
X =X';
Im = fitlm(X,ydata) ;

if bUseDiary
diary(diaryFilename)
end
fprintf ('Fitting %s in range (%f, %f)\n', sFxName, xmin ,xmax);
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sp = getFuncName (gx) ;
fprintf ('Pade-Shammas polynomial power is %s\n', sp);
format long
disp(1m) ;
anva = anova (lm, 'summary') ;
disp (anva) ;
format short
fprintf('A = %f£, B = $f, C = $f\n', A, B, C);
fprintf ('order Q(x) = %f, order D(x) = %f\n', orderA, orderB);
fprintf ("Xmin = %f and Xmax = %f\n", xmin, xmax);
fprintf ("Y¥Ymin = %f and Ymax = %$f\n", ymin, ymax);
lstPwrA = zeros (orderA,l);
for i=l:orderA

lstPwrA(i) = gx(i,A,B,C);
end
lstPwrB = zeros (orderB,1l);
for i=1l:orderB

1stPwrB(i) = gx(i,A,B,C);
end
fprintf ('List of powers for Q(x): ['):
for i=l:orderA-1

fprintf ('%f, ', lstPwrA(i));
end
fprintf ('%$£f]\n', lstPwrA(orderd))
fprintf ('List of powers for D(x): ['):
for i=l:orderB-1

fprintf('$£f, ', 1lstPwrB(i));
end
fprintf ('$£f]\n', lstPwrB(orderB)) ;
fprintf ('Fitting %s in range (%f, %f)\n', sFxName, xmin ,xmax);
n = length(xdata) ;
sumsqgr = 0;
for i=1:n

gx = lm.Coefficients{1l,1};

for j=2:orderA+l

gx = gx + lm.Coefficients{j,1} * xdata(i)“*lstPwrA(j-1);

end

dx = 1;

k=1;

for j=orderA+2:orderA+l+orderB

dx = dx - 1lm.Coefficients{j,1} * xdata(i)“*1lstPwrB(k))

k=k +1;
end
yc = gx/dx;
sumsqgr = sumsqgr + (ydata(i) - yc)*2;
end

k = orderA + orderB + 1;

fprintf ('MSS of errors squared = %e\n', sqrt(sumsqgr)/n);

fprintf ('Corrected MSS of errors squared = %e\n', sqgrt(sumsqr)/n*sqrt(3));
fprintf ("R-Squared = %12.8f\n", 1lm.Rsquared.Ordinary)

fprintf ("R-Squared Adjusted = %12.8f\n", 1lm.Rsquared.Adjusted);

AIC = 1lm.ModelCriterion.AIC;

AICc = AIC + 2*k*(1 + (k+1l)/(n-k-1));

fprintf ('Particle swarm AICc = %e\n', psAICc);

fprintf ('AIC = %e\n', AIC);

fprintf ('AICc = %e\n',6 AICc);
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if bUseDiary
diary off

end

end

function AICc = optimFunc (x)
global xdata
global ydata
global orderA
global orderB

global ggx
A =x(1);
B = x(2);
C = x(3);

orderA = round(x(4));

orderB = round(x(5)) ;

X = [1;

for i=1l:orderA
xs = xdata.”*ggx(i,A,B,C);
X = [X;xs'];

end

for i=1l:orderB
xs = ydata.* (xdata.”ggx(i,A,B,C));
X = [X;xs'];

end

X =X';

Im = fitlm(X,ydata);

n length (xdata) ;

k orderA + orderB + 1;

AIC = 1lm.ModelCriterion.AIC;

AICc = AIC + 2*k*(1 + (k+1)/(n-k-1));

if isinf (AICc), AICc = -le+99; end
end

function sFx = getFuncName (£fx)
sFx = func2str (£x);
if sFx(1:2)=="Q@("
i = strfind(sFx,")");
sFx = sFx(i(1l)+1l:end);
elseif sFx(l)=="Q@"

sFx = strcat(sFx(2:end),".m");
else
% return sFx as is
end
end

The parameters of function PadeShamPoly3() are:

e The parameter fx is the handle (or inline function) for the function being
approximated. An example is @(x)cos(x) which also shows the
recommended format for the argument of parameter fx.
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e The parameter gx is the handle (or inline function) for the function that
calculates the powers of the Shammas polynomial. An example is
@(i,A,B,c)A+B*sqrt(i+C) which also shows the recommended format for
the argument of parameter gx.

e The parameter xRange is the array that specifies the minimum value,
increment value, and maximum value for the range of approximation.

e The parameter Lb is is the array of lower limits for the parameters A, B, C
and the Shammas polynomial order. An example is [0.1 0 0 3].

e The parameter Ub is is the array of upper limits for the parameters A, B and
C, and the Shammas polynomial order. An example is [1 4 3 7].

e The parameter runNum specifies the run number. The arguments for this
parameter have nothing to do with the calculations and serve in fine tuning
the name of the diary files, when used.

e The optional parameter sFxName is the name of the approximated function.
An example is “cos(x)”.

e The parameter diaryFilename is the name of the diary file. An example is
“cos_l.txt”.

The above listing performs basically the same tasks as function PadeShamPoly?2 ()
with the exception that it optimizes the parameter C and manages values related to
that parameter. The function optimFunc() is the function to be optimized to get the
best values for the Shammas polynomial power parameters A, B, and C, and the
best Shammas polynomial order. The function getFuncName() returns a string-type
function name given a handle of a function.

Using the calculation scheme, note that function PadeShamPoly3() does not
explicitly iterate over different values of A, B and C. It delegates that task to the
Matlab function particleswarm().

The following Matlab script goAll (which is identical to goAll in Part I) performs
the various Pade-Shammas polynomial fittings for the various tested functions:

% Version 1.0.0 8/9/2020
global bUseDiary
global bDeleteIfExists

bUseDiary = true;

bDeleteIfExists = true; % or false

selldx = 0; % note a zero value will execute all the models
runNum = 1;

bShutdown = false;
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tic;

if selldx==0 || sellIdx==1
1stA = [0 0.5];
1stB = [0.1 0.5];
lstOrder = [3 7];

Lb = [1lstA(l) 1lstB(1l) l1lstOrder(l) l1lstOrder(l)]:;
Ub = [1lstA(2) 1lstB(2) l1lstOrder(2) lstOrder(2)]:;
gx = @(i,A,B)A+B*i;

PadeShamPoly2 (Q (x) acos(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_1. txt
")

PadeShamPoly2 (@ (x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x)","arcsin_1.txt
H)

PadeShamPoly2 (Q (x)atan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arctan(x) ", "arctan_1.txt
")

PadeShamPoly2(@(x)sin(x),gx,[O:pi/lOOO:pi/2],Lb,Ub,runNum,"sin(x)","sin_l.txt
H)

PadeShamPoly2 (@ (x) cos (x) ,gx, [0:pi/1000:pi/2] ,Lb,Ub, runNum, "cos(x)","cos_1.txt

")
PadesShamPoly2 (Q (x) tan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "tan(x)","tan_1.txt")
PadeShamPoly2 (@ (x) sinh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "sinh(x)","sinh_1.txt")
PadeShamPoly2 (@ (x) cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh(x)","cosh_1.txt")
PadeShamPoly2 (@ (x) tanh(x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh (x) ", "tanh_1.txt")
PadeShamPoly2 (@ (x)erf (x) ,gx,[0:.01:2.1],Lb,Ub, runNum, "erf (x) ", "erf 1.txt")
PadesShamPoly2 (Q (x)exp(x) ,gx,[0:.01:2],Lb,Ub, runNum, "exp (x)","exp_ 1.txt")
PadeShamPoly2 (@ (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum, "1ln(x)","1ln_1.txt")
PadeShamPoly2 (@ (x) loglO(x) ,gx,[1:.01:10],Lb,Ub, runNum, "log(x)","log_1l.txt")
PadeShamPoly2 (@ (x)10.”x,gx,[0:.01:1] ,Lb,Ub, runNum, "10%x","pwrl0_1.txt")

PadeShamPoly2 (@ (x) tinv (0.95,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.95,x)","ti
nvl 1.txt")

PadeShamPoly2 (@ (x) tinv (0.975,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.975,x)","
tinv2_ 1.txt")

PadeShamPoly2 (@ (x) 1ogl0 (gamma (x)) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "logl0OGamma (x) "
,"loglOGamma 1.txt")

PadeShamPoly2 (@ (x) digamma (x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "digamma (x) ", "digamm
a_1l.txt")

PadeShamPoly2 (@ (x) trigamma (x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "tigamma (x) ", "triga
mma_1.txt")

PadeShamPoly2 (@ (x) bessel]j(0,x) ,gx,[2:0.1:30] ,Lb,Ub, runNum,"J0(x)","J0x_1.txt"
)

PadeShamPoly2 (Q (x) bessel]j(1,x),gx,[0:0.1:30],Lb,Ub, runNum,"J1(x)","J1lx_1.txt"
)

PadeShamPoly2 (@ (x) besselj(2,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J2 (x)","J2x_1.txt"
)
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PadeShamPoly2 (Q (x) bessel]j(3,x) ,9x,[0:0.1:30] ,Lb,Ub, runNum, "J3(x)","J3x_1.txt"
)

PadeShamPoly2 (Q (x) bessel]j(4,x),9x,[0:0.1:30] ,Lb,Ub, runNum, "J4 (x)","J4x_1.txt"
)

PadeShamPoly2 (@ (x) besselj (5,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","JI5x_1.txt"
)

PadeShamPoly2 (@ (x) integral (@ (z)sin(z.”*2) ,0,x) ,gx,[1:0.01:5],Lb,Ub, runNum, "Fre
snelSine(x)","FresnelSine 1.txt")

PadeShamPoly2 (@ (x) integral (@ (z)cos(z.72) ,0,x) ,gx,[0.5:0.01:5] ,Lb,Ub, runNum, "F
resnelCosine (x)","FresnelCosine 1.txt")

PadeShamPoly2 (Q (x) integral (@ (z)sin(z) ./z,0,x) ,gx,[1.3:0.1:20] ,Lb,Ub, runNum, "S
i(x)","Si_1.txt")

PadeShamPoly2 (@ (x)0.57721566+1og(x) -integral (@ (z) (1-
cos(z))./z,O,x),gx,[0.5:0.1:20],Lb,Ub,runNum,"Ci(x)","CI_l.txt")

PadeShamPoly2 (Q (x) asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x) ", "asinh 1.tx
t")

PadeShamPoly2 (Q (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh(x) ", "acosh_1.tx
t")

PadeShamPoly2 (@ (x) atanh (x) ,gx,[0:0.001:0.999] ,Lb,Ub, runNum, "atanh (x) ", "atanh_
1.txt")
end

if selldx==0 || selldx==
1stA = [0 2];
1stB = [0.1 2];
1lstOrder = [3 7];

Lb = [1lstA(1l) 1lstB(l) 1lstOrder(l) lstOrder(l)]:;
Ub = [1lstA(2) 1lstB(2) 1lstOrder(2) lstOrder(2)]:;
gx = @(i,A,B)A+B/i;

PadesShamPoly2 (Q (x)acos(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_2. txt
")

PadeShamPoly2 (@ (x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x)","arcsin_2.txt
")

PadeshamPoly2 (Q (x)atan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arctan(x) ", "arctan_2.txt
")

PadeShamPoly2 (@ (x) sin(x) ,gx, [0:pi/1000:pi/2] ,1Lb,Ub,runNum, "sin(x)","sin_2.txt
")

PadeShamPoly2 (@ (x) cos (x) ,gx, [0:pi/1000:pi/2] ,Lb,Ub, runNum, "cos(x) ", "cos_2.txt
H)
PadeShamPoly2 (Q (x) tan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "tan(x)","tan_2.txt")
PadeShamPoly2 (@ (x) sinh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "sinh(x)","sinh_2.txt")
PadeShamPoly2 (@ (x) cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh (x) ", "cosh_2.txt")
PadeShamPoly2 (@ (x) tanh (x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh (x) ", "tanh_2.txt")
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PadeShamPoly2 (Q (x)erf(x) ,gx,[0:.01:2.1] ,Lb,Ub, runNum, "erf (x)","erf 2.txt")
PadeShamPoly2 (Q (x) exp(x) ,gx,[0:.01:2],Lb,Ub, runNum, "exp (x)","exp 2.txt")
PadeShamPoly2 (@ (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum, "1n(x)","1ln_2.txt")
PadeShamPoly2 (@ (x) logl0(x) ,gx,[1:.01:10] ,Lb,Ub, runNum, "log(x)","log_2.txt")
PadeShamPoly2 (@ (x)10.”x,gx,[0:.01:1] ,Lb,Ub, runNum, "10%x", "pwrl0_2.txt")

PadeShamPoly2 (@ (x) tinv (0.95,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.95,x)","ti
nvl 2.txt")

PadeShamPoly?2 (@ (x) tinv (0.975,x) ,gx,[2:0.1:100] ,1Lb,Ub, runNum, "tinv(0.975,x)","
tinv2_ 2.txt")

PadeShamPoly2 (@ (x) 1ogl0 (gamma (x) ) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "logl0OGamma (x) "
,"loglOGamma 2.txt")

PadeShamPoly2 (@ (x) digamma (x) ,gx,[2:0.1:100] ,1Lb,Ub, runNum, "digamma (x) ", "digamm
a_2.txt")

PadeShamPoly2 (@ (x) trigamma (x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "trigamma (x) ", "trig
amma_2.txt")

PadeShamPoly2 (Q (x) bessel]j(0,x) ,gx,[2:0.1:30] ,Lb,Ub, runNum, "J0(x)","J0x_2.txt"
)

PadeShamPoly2 (Q (x)bessel]j(1,x),gx,[0:0.1:30],Lb,Ub, runNum,"J1(x)","Jlx_2.txt"
)

PadeShamPoly2 (Q (x) besselj(2,x) ,g9x,[0:0.1:30] ,Lb,Ub, runNum, "J2 (x)","J2x_2.txt"
)

PadeShamPoly2 (@ (x) bessel]j(3,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J3(x)","J3x_2.txt"
)
PadeShamPoly2 (Q (x) besselj(4,x) ,g9x,[0:0.1:30] ,Lb,Ub, runNum, "J4 (x)","J4x_2.txt"
)

PadeShamPoly2 (Q (x) bessel]j(5,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","J5x_2.txt"
)

PadeShamPoly2 (@ (x) integral (@ (z) sin(z.~2) ,0,x) ,gx,[1:0.01:5],Lb,Ub, runNum, "Fre
snelSine(x)","FresnelSine 2.txt")

PadeShamPoly2 (@ (x) integral (@ (z) cos(z.”*2),0,x) ,gx,[0.5:0.01:5],Lb,Ub, runNum, "F
resnelCosine (x)","FresnelCosine 2.txt")

PadeShamPoly2 (@ (x) integral (@ (z)sin(z)./z,0,x) ,gx,[1.3:0.1:20] ,Lb,Ub, runNum, "S
i(x)","si_2.txt")

PadeShamPoly2 (@ (x)0.57721566+1og (x) -integral (@ (z) (1-
cos(z))./z,0,x),9x,[0.5:0.1:20] ,Lb,Ub, runNum, "Ci(x)","Ci_2.txt")

PadeShamPoly2 (@ (x) asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x) ", "asinh 2.tx
t")

PadeShamPoly2 (Q (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh(x) ", "acosh_2.tx
t")
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PadeShamPoly2 (Q (x) atanh (x) ,gx,[0:0.001:0.999],Lb,Ub, runNum, "atanh (x) ", "atanh_
2. txt")
end

if selldx==0 || selldx==3
1stA = [0 1.4];
1stB = [0.1 1];
1lstOrder = [3 7];

Lb = [1lstA(l) 1lstB(1l) 1lstOrder(l) l1lstOrder(l)]:;
Ub = [1lstA(2) 1lstB(2) 1lstOrder(2) l1lstOrder(2)]:;
gx = @(i,A,B)A+B*sqrt(i);

PadeShamPoly2 (Q (x) acos (x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_3. txt
H)

PadeShamPoly2 (Q (x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x) ", "arcsin_3.txt
")

PadesShamPoly2 (Q (x)atan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arctan(x) ", "arctan_3.txt
H)

PadeShamPoly2 (@ (x) sin(x) ,gx, [0:pi/1000:pi/2] ,Lb,Ub, runNum,"sin(x)","sin_3.txt
")

PadeShamPoly2 (@ (x) cos (x) ,gx, [0:pi/1000:pi/2],Lb,Ub, runNum, "cos (x) ", "cos_3.txt

")
PadeShamPoly2 (@ (x) tan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "tan(x)","tan_3.txt")
PadeShamPoly2 (@ (x) sinh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "sinh(x)","sinh_3.txt")
PadeShamPoly2 (@ (x) cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh(x)","cosh_3.txt")
PadeShamPoly2 (@ (x) tanh(x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh(x) ", "tanh_3.txt")
PadeShamPoly2 (Q (x)erf (x) ,gx,[0:.01:2.1] ,Lb,Ub, runNum, "erf (x)","erf 3.txt")
PadeShamPoly2 (@ (x) exp (x) ,gx,[0:.01:2] ,Lb,Ub, runNum, "exp (x) ", "exp_3.txt")
PadeShamPoly2 (@ (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum, "1n(x)","1ln_3.txt")
PadeShamPoly2 (@ (x) loglO(x) ,gx,[1:.01:10],Lb,Ub, runNum, "log(x)","log_3.txt")
PadeShamPoly2 (@ (x)10.”x,gx,[0:.01:1] ,Lb,Ub, runNum, "10%x", "pwrl0_3.txt")

PadeShamPoly2 (@ (x) tinv (0.95,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.95,x)","ti
nvl 3.txt")

PadeShamPoly2 (@ (x) tinv (0.975,%x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.975,x)","
tinv2_ 3.txt")

PadeShamPoly2 (@ (x) 1ogl0 (gamma (x) ) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "logl0Gamma (x) "
,"loglOGamma_ 3.txt")

PadeShamPoly2 (@ (x) digamma (x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "digamma (x) ", "digamm
a_3.txt")

PadeShamPoly2 (@ (x) trigamma (x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "trigamma (x) ", "trig
amma_3.txt")

PadeShamPoly2 (Q (x) bessel]j(0,x) ,g9x,[2:0.1:30] ,Lb,Ub, runNum, "J0 (x) ","J0x_3.txt"
)

PadeShamPoly2 (@ (x) besselj(1,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J1 (x)","Jlx_ 3.txt"
)
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PadeShamPoly2 (Q (x) bessel]j(2,x) ,9x,[0:0.1:30] ,Lb,Ub, runNum, "J2 (x) ","J2x_3.txt"
)

PadeShamPoly2 (Q (x) bessel]j(3,x),g9x,[0:0.1:30] ,Lb,Ub, runNum, "J3(x)","J3x_3.txt"
)

PadeShamPoly2 (Q (x) besselj(4,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J4 (x)","J4x_3.txt"
)

PadeShamPoly2 (Q (x) bessel]j(5,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","J5x_3.txt"
)

PadeShamPoly2 (@ (x) integral (@ (z)sin(z.”2) ,0,x) ,gx,[1:0.01:5],Lb,Ub, runNum, "Fre
snelSine(x)","FresnelSine 3.txt")

PadeShamPoly2 (@ (x) integral (@ (z)cos(z.”*2),0,x) ,gx,[0.5:0.01:5] ,Lb,Ub, runNum, "F
resnelCosine (x)","FresnelCosine_3.txt")

PadeShamPoly2 (@ (x) integral (@ (z)sin(z) ./z,0,x) ,gx,[1.3:0.1:20] ,Lb,Ub, runNum, "S
i(x)","si_3.txt")

PadeShamPoly2 (@ (x)0.57721566+1og(x) -integral (@ (z) (1-
cos(z))./z,0,x),9x,[0.5:0.1:20] ,Lb,Ub, runNum, "Ci(x)","Ci_3.txt")

PadeShamPoly2 (Q (x) asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x) ", "asinh 3.tx
t")

PadeShamPoly2 (@ (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh (x) ", "acosh_3.tx
t")

PadeShamPoly2 (Q (x) atanh (x) ,gx,[0:0.001:0.999],Lb,Ub, runNum, "atanh(x) ", "atanh_
3.txt")

end

if sell ==0 ll selldx==

1stA = [0 1],
1stB = [0.1 1];
1stC = [0 2];

1stOrder = [3 7];

ILb = [1lstA(l) 1lstB(l) 1lstC(l) lstOrder(l) 1lstOrder(1l)]:;
Ub = [1lstA(2) 1lstB(2) 1lstC(2) lstOrder(2) 1lstOrder(2)]:;
gx = @(i,A,B,C)A+B*sqrt (i+C) ;

PadeShamPoly3 (@ (x) acos (x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_4. txt
")

PadeShamPoly3(Q(x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x) ", "arcsin_4.txt
")

PadeShamPoly3 (@ (x)atan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arctan(x) ", "arctan_4.txt
")

PadeShamPoly3(@(x)sin(x),gx,[O:pi/lOOO:pi/Z],Lb,Ub,runNum,"sin(x)","sin_4.txt
H)

PadeShamPoly3 (@ (x) cos (x) ,gx, [0:pi/1000:pi/2] ,Lb,Ub, runNum, "cos(x)","cos_4.txt
")
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PadeShamPoly3 (@ (x) tan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "tan(x)","tan_4.txt")
PadeShamPoly3(Q (x) sinh(x) ,gx,[0:.01:5] ,Lb,Ub, runNum, "sinh(x)","sinh 4.txt")
PadeShamPoly3 (Q (x) cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh (x) ", "cosh_4.txt")
PadeShamPoly3 (@ (x) tanh(x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh (x) ", "tanh_4.txt")
PadeShamPoly3(Q (x)erf(x) ,gx,[0:.01:2.1] ,Lb,Ub, runNum, "erf (x)","erf 4.txt")
PadeShamPoly3 (Q (x)exp(x) ,gx,[0:.01:2],Lb,Ub, runNum, "exp(x) ", "exp 4.txt")
PadeShamPoly3 (@ (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum, "1ln(x)","1ln_4.txt")
PadeShamPoly3 (@ (x) logl0(x) ,gx,[1:.01:10] ,Lb,Ub, runNum, "log(x)","log_4.txt")
PadeShamPoly3 (@ (x)10.”x,gx,[0:.01:1] ,Lb,Ub, runNum, "10%x","pwrl0_4.txt")

PadeShamPoly3 (Q (x) tinv(0.95,x) ,gx,[2:100] ,Lb,Ub, runNum, "tinv (0.95,x)","tinvl _
4. txt")

PadeShamPoly3 (@ (x) tinv (0.975,x) ,gx,[2:100] ,Lb,Ub, runNum, "tinv (0.975,x) ", "tinv
2_4.txt")

PadeShamPoly3 (@ (x) loglO (gamma (x)) ,gx, [2:100] ,Lb,Ub, runNum, "loglO0OGamma (x) ", "1lo
glOGamma 4.txt")

PadeShamPoly3 (Q (x) digamma (x) ,gx,[2:100] ,Lb,Ub, runNum, "digamma (x) ", "digamma 4.
txt")

PadeShamPoly3 (@ (x) trigamma (x) ,gx, [1:100] ,Lb,Ub, runNum, "trigamma (x) ", "trigamma
_4.txt")

PadeShamPoly3 (@ (x)bessel]j(0,x) ,gx,[2:0.1:30] ,Lb,Ub, runNum, "J0(x)","J0x_4.txt"
)

PadeShamPoly3 (Q (x) besselj(1,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J1 (x)","Jlx 4.txt"
)

PadeShamPoly3 (@ (x)bessel]j(2,x) ,g9x,[0:0.1:30] ,Lb,Ub, runNum, "J2(x)","J2x_4.txt"
)

PadeShamPoly3 (Q (x)bessel]j(3,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J3(x)","J3x_4.txt"
)

PadeShamPoly3 (Q (x) besselj(4,x),g9x,[0:0.1:30] ,Lb,Ub, runNum, "J4 (x)","J4x_4.txt"
)

PadeShamPoly3 (@ (x)bessel]j(5,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","J5x_4.txt"
)

PadeShamPoly3 (@ (x) integral (@ (z)sin(z.”2) ,0,x) ,gx,[1:0.01:5],Lb,Ub, runNum, "Fre
snelSine(x)","FresnelSine 4.txt")

PadeShamPoly3 (@ (x) integral (@ (z)cos(z.”*2),0,x) ,gx,[0.5:0.01:5] ,Lb,Ub, runNum, "F
resnelCosine (x)","FresnelCosine 4.txt")

PadeShamPoly3 (@ (x) integral (@ (z)sin(z)./z,0,x) ,gx,[1.3:0.1:20] ,Lb,Ub, runNum,"S
i(x)","si_4.txt")

PadeShamPoly3 (@ (x) 0.57721566+1og(x) ~integral (@ (z) (1-
cos(z))./z,O,x),gx,[0.5:0.1:20],Lb,Ub,runNum,"Ci(x)","Ci_4.txt")

PadeShamPoly3 (@ (x) asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x)","asinh_ 4.tx
t")
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PadeShamPoly3 (Q (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh(x) ", "acosh_4.tx
t")

PadeShamPoly3 (Q (x) atanh (x) ,gx,[0:0.001:0.999],Lb,Ub, runNum, "atanh(x) ", "atanh_

4. txt")

end

if selldx==0 || selIdx==5
1stA = [0 0.5];
1stB = [0.1 0.27];
1stC = [0 0.27];

1lstOrder = [3 7];

ILb = [1lstA(1l) 1lstB(l) 1lstC(l) 1lstOrder(l) 1lstOrder(1l)];
Ub = [1lstA(2) 1lstB(2) 1lstC(2) lstOrder(2) 1lstOrder(2)]:;
gx = @(i,A,B,C)A+B*i+C* (i-1);

PadeShamPoly3 (@ (x) acos(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_5. txt
")

PadeShamPoly3(Q (x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x) ", "arcsin 5. txt
H)

PadeShamPoly3 (@ (x)atan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arctan(x)","arctan_5. txt
H)

PadeShamPoly3 (@ (x) sin(x) ,gx, [0:pi/1000:pi/2],Lb,Ub,runNum, "sin(x)","sin_5.txt
")

PadeShamPoly3 (@ (x) cos (x) ,gx, [0:pi/1000:pi/2] ,Lb,Ub,runNum, "cos (x)","cos_5.txt

")
PadeShamPoly3 (@ (x) tan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "tan(x)","tan_5.txt")
PadeShamPoly3 (@ (x) sinh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "sinh(x)","sinh_ 5. txt")
PadeShamPoly3 (@ (x) cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh (x) ", "cosh_5.txt")
PadeShamPoly3 (@ (x) tanh(x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh(x) ", "tanh 5. txt")
PadeShamPoly3 (@ (x)erf(x) ,gx,[0:.01:2.1] ,Lb,Ub, runNum, "erf (x)","erf 5.txt")
PadeShamPoly3 (Q (x)exp(x) ,gx,[0:.01:2],Lb,Ub, runNum, "exp (x)","exp 5.txt")
PadeShamPoly3 (@ (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum, "1ln(x)","1ln_5.txt")
PadeShamPoly3 (@ (x) logl0(x) ,gx,[1:.01:10] ,Lb,Ub, runNum, "log(x)","log 5.txt")
PadeShamPoly3(Q@(x)10.”x,gx,[0:.01:1] ,Lb,Ub, runNum,"10%x", "pwrl0_5.txt")

PadeShamPoly3 (@ (x) tinv (0.95,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.95,x)","ti
nvl 5.txt")

PadeShamPoly3 (@ (x) tinv (0.975,%x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.975,x)","
tinv2 5.txt")

PadeShamPoly3 (@ (x) 1ogl0 (gamma (x) ) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "logl0Gamma (x) "
,"loglOGamma 5.txt")

PadeShamPoly3 (@ (x) digamma (x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "digamma (x) ", "digamm
a_5.txt")

PadeShamPoly3 (@ (x) trigamma (x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "trigamma (x) ", "trig
amma 5. txt")
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PadeShamPoly3 (Q (x) bessel]j(0,x) ,gx,[2:0.1:30] ,Lb,Ub, runNum, "J0(x)","J0x_5.txt"
)

PadeShamPoly3 (Q (x)bessel]j(1,x),gx,[0:0.1:30],Lb,Ub, runNum,"J1(x)","Jlx_5.txt"
)

PadeShamPoly3 (Q (x) besselj(2,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J2 (x)","J2x_5.txt"
)

PadeShamPoly3 (Q (x)bessel]j(3,x),9x,[0:0.1:30] ,Lb,Ub, runNum, "J3(x)","J3x_5.txt"
)

PadeShamPoly3 (Q (x) besselj(4,x) ,g9x,[0:0.1:30] ,Lb,Ub, runNum, "J4 (x)","J4x_5.txt"
)

PadeShamPoly3 (Q (x)bessel]j(5,x) ,g9x,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","J5x_5.txt"
)

PadeShamPoly3 (@ (x) integral (@ (z)sin(z.”*2),0,x) ,gx,[1:0.01:5] ,Lb,Ub, runNum, "Fre
snelSine(x)","FresnelSine 5.txt")

PadeShamPoly3 (@ (x) integral (@ (z)cos(z.72),0,x) ,gx,[0.5:0.01:5] ,Lb,Ub, runNum, "F
resnelCosine(x)","FresnelCosine_ 5.txt")

PadeShamPoly3 (@ (x) integral (@ (z)sin(z) ./z,0,x) ,gx,[1.3:0.1:20],Lb,Ub, runNum,"S
i(x)","Si_5.txt")

PadeShamPoly3 (@ (x)0.57721566+1og(x) -integral (@ (z) (1-
cos(z))./z,0,x),9x,[0.5:0.1:20] ,Lb,Ub, runNum, "Ci(x)","Ci_5.txt")

PadeShamPoly3 (@ (x)asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x) ", "asinh 5.tx
t")

PadeShamPoly3 (Q (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh (x) ", "acosh_5.tx
t")

PadeShamPoly3 (Q (x) atanh (x) ,gx,[0:0.001:0.999],Lb,Ub, runNum, "atanh(x)","atanh_
5.txt")

end

if selldx==0 || selldx==6

1stA = [0 0.75];
1stB = [0.1 0.25];
1stC = [0 0.25];

lstOrder = [3 7];

Lb = [1lstA(l) 1lstB(l) 1lstC(l) lstOrder(l) 1lstOrder(1l)]:;
Ub = [1lstA(2) 1lstB(2) 1lstC(2) lstOrder(2) 1lstOrder(2)]:;
gx = @(i,A,B,C)A+B*i-C* (i-1);

PadeShamPoly3 (Q (x)acos(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_6. txt
")

PadeShamPoly3 (@ (x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x) ", "arcsin_6.txt
H)

PadeShamPoly3 (@ (x)atan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arctan(x)","arctan_6. txt
")
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PadeShamPoly3(@(x)sin(x),gx,[O:pi/lOOO:pi/Z],Lb,Ub,runNum,"sin(x)","sin_6.txt
")

PadeShamPoly3(@(x)cos(x),gx,[O:pi/lOOO:pi/Z],Lb,Ub,runNum,"cos(x)","cos_6.txt

")
PadeShamPoly3 (@ (x) tan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "tan(x)","tan_6.txt")
PadeShamPoly3 (@ (x) sinh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "sinh(x)","sinh_6.txt")
PadeShamPoly3 (@ (x) cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh (x) ", "cosh_6.txt")
PadeShamPoly3 (Q (x) tanh(x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh (x) ", "tanh_6.txt")
PadeshamPoly3(Q (x)erf(x) ,gx,[0:.01:2.1] ,Lb,Ub, runNum, "erf (x)","erf 6.txt")
PadeShamPoly3 (Q (x)exp(x) ,gx,[0:.01:2],Lb,Ub, runNum, "exp(x)","exp 6.txt")
PadeShamPoly3 (@ (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum,"1n(x)","1ln_6.txt")
PadeShamPoly3 (@ (x) logl0(x) ,gx,[1:.01:10] ,Lb,Ub, runNum, "log(x)","log_6.txt")
PadeShamPoly3(Q(x)10.”x,gx,[0:.01:1] ,Lb,Ub, runNum, "10%x", "pwrl0_6.txt")

PadeShamPoly3 (@ (x) tinv(0.95,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.95,x)","ti
nvl 6.txt")

PadeShamPoly3 (Q (x) tinv (0.975,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.975,x)","
tinv2_6.txt")

PadeShamPoly3 (@ (x) 1ogl0 (gamma (x)) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "logl0OGamma (x) "
,"loglOGamma 6.txt")

PadeShamPoly3 (@ (x) digamma (x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "digamma (x) ", "digamm
a 6.txt")

PadeShamPoly3 (@ (x) trigamma (x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "trigamma (x) ", "trig
amma_6.txt")

PadeShamPoly3 (@ (x) bessel]j(0,x) ,gx,[2:0.1:30] ,Lb,Ub, runNum, "J0(x)","J0x_6.txt"
)

PadeShamPoly3 (Q (x)bessel]j(1,x),gx,[0:0.1:30] ,Lb,Ub, runNum,"J1(x)","Jlx 6.txt"
)

PadeShamPoly3 (Q (x) besselj(2,x),g9x,[0:0.1:30] ,Lb,Ub, runNum, "J2 (x)","J2x_6.txt"
)

PadeShamPoly3 (@ (x)bessel]j(3,x),gx,[0:0.1:30],Lb,Ub, runNum,"J3(x)","J3x_6.txt"
)

PadeShamPoly3 (Q (x) besselj(4,x),g9x,[0:0.1:30] ,Lb,Ub, runNum, "J4 (x)","J4x_6.txt"
)

PadeShamPoly3 (@ (x)bessel]j(5,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","J5x_6.txt"
)

PadeShamPoly3 (@ (x) integral (@ (z) sin(z.~2) ,0,x) ,gx,[1:0.01:5],Lb,Ub, runNum, "Fre
snelSine(x)","FresnelSine 6.txt")

PadeShamPoly3 (@ (x) integral (@ (z) cos(z.”*2),0,x) ,gx,[0.5:0.01:5] ,Lb,Ub, runNum, "F
resnelCosine (x)","FresnelCosine_ 6.txt")

PadeShamPoly3 (@ (x) integral (@ (z)sin(z)./z,0,x) ,gx,[1.3:0.1:20] ,Lb,Ub, runNum,"S
i(x)","si_6.txt")
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PadeShamPoly3 (@ (x)0.57721566+1og(x) -integral (@ (z) (1-
cos(z))./z,O,x),gx,[0.5:0.1:20],Lb,Ub,runNum,"Ci(x)","Ci_6.txt")

PadeShamPoly3 (@ (x) asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x)","asinh_6.tx
t")

PadeShamPoly3 (Q (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh(x) ", "acosh_6.tx
t")

PadeShamPoly3 (Q (x) atanh (x) ,gx,[0:0.001:0.999],Lb,Ub, runNum, "atanh(x) ", "atanh_

6.txt")

end

if selIdx==0 || selldx==
1stA = [0 0.34];
1stB = [0.1 0.39];
1stC = [0 0.36];

1lstOrder = [3 7];

ILb = [1lstA(1l) 1stB(l) 1lstC(l) 1lstOrder(l) 1lstOrder(1l)];
Ub = [1lstA(2) 1lstB(2) 1lstC(2) lstOrder(2) 1lstOrder(2)]:;
gx = @(i,A,B,C)A+B*i+C*sqrt(i-1);

PadeShamPoly3 (@ (x) acos(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_7. txt
")

PadeshamPoly3 (@ (x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x) ", "arcsin_7.txt
")

PadeShamPoly3 (@ (x)atan(x),gx,[0:.01:1],Lb,Ub, runNum, "arctan(x)","arctan_7. txt
")

PadeShamPoly3 (@ (x) sin(x) ,gx, [0:pi/1000:pi/2],Lb,Ub,runNum, "sin(x)","sin_7.txt
")

PadeShamPoly3 (@ (x) cos (x) ,gx, [0:pi/1000:pi/2] ,Lb,Ub,runNum, "cos (x)","cos_7.txt

")
PadeShamPoly3 (@ (x) tan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "tan(x)","tan_7.txt")
PadeShamPoly3 (@ (x) sinh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "sinh(x)","sinh_ 7. txt")
PadeShamPoly3 (Q (x) cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh (x) ", "cosh_7.txt")
PadeShamPoly3 (@ (x) tanh(x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh(x) ", "tanh_7.txt")
PadeSshamPoly3 (@ (x)erf(x) ,gx,[0:.01:2.1] ,Lb,Ub, runNum, "erf(x)","erf 7.txt")
PadeshamPoly3 (Q (x)exp(x) ,gx,[0:.01:2],Lb,Ub, runNum, "exp (x)","exp_ 7.txt")
PadeShamPoly3 (@ (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum,"1ln(x)","1ln_7.txt")
PadeShamPoly3 (@ (x) logl0(x) ,gx,[1:.01:10] ,Lb,Ub, runNum, "log(x)","log_ 7.txt")
PadeShamPoly3(Q@(x)10.”x,gx,[0:.01:1],Lb,Ub, runNum, "10%x", "pwrl0_7.txt")

PadeShamPoly3 (@ (x) tinv (0.95,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.95,x)","ti
nvl 7.txt")

PadeShamPoly3 (@ (x) tinv (0.975,%x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.975,x%)","
tinv2_7.txt")

PadeShamPoly3 (@ (x) 1ogl0 (gamma(x)) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "loglOGamma (x) "
,"loglO0Gamma_7.txt")

PadeShamPoly3 (@ (x) digamma (x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "digamma (x) ", "digamm
a_7.txt")
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PadeShamPoly3 (@ (x) trigamma (x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "trigamma (x) ", "trig
amma_7.txt")

PadeShamPoly3 (Q (x) bessel]j(0,x) ,gx,[2:0.1:30] ,Lb,Ub, runNum, "J0(x)","J0x_7.txt"
)

PadeShamPoly3 (@ (x) besselj(1,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J1(x)","Jlx_7.txt"
)

PadeShamPoly3 (Q (x)bessel]j(2,x) ,9x,[0:0.1:30] ,Lb,Ub, runNum, "J2 (x)","J2x_7.txt"
)

PadeShamPoly3 (Q (x) besselj (3,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J3 (x)","JI3x_7.txt"
)

PadeShamPoly3 (Q (x)bessel]j(4,x),9x,[0:0.1:30] ,Lb,Ub, runNum, "J4 (x)","J4x_7.txt"
)

PadeShamPoly3 (Q (x)bessel]j(5,x) ,9x,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","J5x_7.txt"
)

PadeShamPoly3 (@ (x) integral (@ (z)sin(z.”2),0,x) ,gx,[1:0.01:5],Lb,Ub, runNum, "Fre
snelSine (x)","FresnelSine 7.txt")

PadeShamPoly3 (@ (x) integral (@ (z)cos(z.”*2),0,x) ,gx,[0.5:0.01:5] ,Lb,Ub, runNum, "F
resnelCosine (x)","FresnelCosine 7.txt")

PadeShamPoly3 (Q (x) integral (@ (z)sin(z)./z,0,x) ,g%x,[1.3:0.1:20] ,Lb,Ub, runNum, "S
i(x)","si_7.txt")

PadeShamPoly3 (@ (x) 0.57721566+1og (x) ~integral (@ (z) (1-
cos(z))./z,O,x),gx,[0.5:0.1:20],Lb,Ub,runNum,"Ci(x)","Ci_7.txt")

PadeShamPoly3 (Q (x)asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x)","asinh_7.tx
t")

PadeShamPoly3 (@ (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh(x) ", "acosh_7.tx
t")

PadeShamPoly3 (Q (x)atanh(x) ,gx,[0:0.001:0.999],Lb,Ub, runNum, "atanh(x)","atanh

7.txt")

end

if selIdx==0 || selldx==
1stA = [0 0.55];
1stB = [0.1 0.4];
1stC = [0 0.4];

1lstOrder = [3 7];

Ib = [1lstA(1l) 1lstB(l) 1lstC(l) 1lstOrder(l) 1lstOrder(1l)]:;
Ub = [1lstA(2) 1lstB(2) 1lstC(2) lstOrder(2) 1lstOrder(2)]:;
gx = @(i,A,B,C)A+B*sqrt(i)+C* (i-1);

PadeShamPoly3 (Q (x) acos(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_8. txt
H)

PadeShamPoly3 (@ (x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x)","arcsin_8. txt
")
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PadeShamPoly3 (@ (x)atan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arctan(x) ", "arctan_8. txt
")

PadeShamPoly3(@(x)sin(x),gx,[O:pi/lOOO:pi/Z],Lb,Ub,runNum,"sin(x)","sin_8.txt
")

PadeShamPoly3 (@ (x) cos (x) ,gx, [0:pi/1000:pi/2] ,Lb,Ub, runNum, "cos (x) ", "cos_8.txt

")
PadeShamPoly3 (Q (x) tan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "tan(x)","tan_8.txt")
PadeShamPoly3 (Q (x) sinh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "sinh(x) ", "sinh 8. txt")
PadeShamPoly3 (Q (x) cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh(x) ", "cosh_8.txt")
PadeShamPoly3 (@ (x) tanh(x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh (x) ", "tanh_8.txt")
PadeShamPoly3 (Q (x)erf (x) ,gx,[0:.01:2.1],Lb,Ub, runNum, "erf (x) ", "erf 8.txt")
PadeShamPoly3 (Q (x)exp(x) ,gx,[0:.01:2],Lb,Ub, runNum, "exp (x) ", "exp 8.txt")
PadeShamPoly3 (@ (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum, "1ln(x)","1ln_8.txt")
PadeShamPoly3 (@ (x) loglO(x) ,gx,[1:.01:10],Lb,Ub, runNum, "log(x)","log_8.txt")
PadeShamPoly3 (@ (x)10.”x,gx,[0:.01:1] ,Lb,Ub, runNum, "10%x","pwrl0_8.txt")

PadeShamPoly3 (@ (x) tinv(0.95,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.95,x)","ti
nvl 8.txt")

PadeShamPoly3 (@ (x) tinv (0.975,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.975,x)","
tinv2_8.txt")

PadeShamPoly3 (@ (x) 1ogl0 (gamma (x)) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "logl0OGamma (x) "
,"loglO0Gamma_ 8.txt")

PadeShamPoly3 (@ (x) digamma (x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "digamma (x) ", "digamm
a 8.txt")

PadeShamPoly3 (@ (x) trigamma (x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "trigamma (x) ", "trig
amma_ 8.txt")

PadeShamPoly3 (@ (x)bessel]j(0,x) ,gx,[2:0.1:30] ,Lb,Ub, runNum, "J0(x)","J0x_8.txt"
)

PadeShamPoly3 (Q (x) besselj(1,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J1 (x)","Jlx 8.txt"
)

PadeshamPoly3 (@ (x)bessel]j(2,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J2(x)","J2x_8.txt"
)

PadeShamPoly3 (Q (x) besselj (3,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J3 (x)","J3x_8.txt"
)

PadeShamPoly3 (@ (x)bessel]j(4,x),gx,[0:0.1:30] ,Lb,Ub, runNum,"J4(x)","J4x_8.txt"
)

PadeshamPoly3 (@ (x)bessel]j(5,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","J5x_8.txt"
)

PadeShamPoly3 (@ (x) integral (@ (z)sin(z.”*2) ,0,x) ,gx,[1:0.01:5],Lb,Ub, runNum, "Fre
snelSine(x)","FresnelSine 8.txt")

PadeShamPoly3 (@ (x) integral (@ (z)cos(z.”*2),0,x) ,gx,[0.5:0.01:5] ,Lb,Ub, runNum, "F
resnelCosine (x)","FresnelCosine_8.txt")
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PadeShamPoly3 (@ (x) integral (@ (z)sin(z)./z,0,x),g9%x,[1.3:0.1:20] ,Lb,Ub, runNum, "S
i(x)","sSi_8.txt")

PadeShamPoly3 (@ (x)0.57721566+1og(x) -integral (@ (z) (1-
cos(z))./z,O,x),gx,[0.5:0.1:20],Lb,Ub,runNum,"Ci(x)","Ci_8.txt")

PadeShamPoly3 (Q (x)asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x) ", "asinh 8.tx
t")

PadeShamPoly3 (Q (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh(x) ", "acosh_8.tx
t")

PadeShamPoly3 (@ (x) atanh(x) ,gx,[0:0.001:0.999] ,Lb,Ub, runNum, "atanh (x) ", "atanh_
8.txt")
end

if selIdx==0 || selIldx==9
1stA = [0 0.5];
1stB = [0.1 0.7];
1stC = [0 0.7];
1lstOrder = [3 7];

ILb = [1lstA(1l) 1lstB(l) 1lstC(l) 1lstOrder(l) 1lstOrder(1l)]:;
Ub = [1lstA(2) 1lstB(2) 1lstC(2) 1lstOrder(2) l1lstOrder(2)]:;
gx = @(i,A,B,C)A+B*sqrt(i)+C*sqrt(i-1);

PadeshamPoly3 (Q (x)acos(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_9. txt
")

PadeShamPoly3 (@ (x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x)","arcsin_9. txt
")

PadeshamPoly3 (@ (x)atan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arctan(x) ", "arctan_9. txt
")

PadeShamPoly3(@(x)sin(x),gx,[O:pi/lOOO:pi/2],Lb,Ub,runNum,"sin(x)","sin_9.txt
")

PadeShamPoly3 (@ (x) cos (x) ,gx, [0:pi/1000:pi/2] ,Lb,Ub, runNum, "cos (x)","cos_9.txt

")
PadeshamPoly3 (@ (x) tan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "tan(x)","tan_9.txt")
PadeShamPoly3 (@ (x) sinh(x) ,gx,[0:.01:5] ,Lb,Ub, runNum, "sinh(x)","sinh_ 9.txt")
PadeShamPoly3 (@ (x)cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh(x)","cosh 9.txt")
PadeShamPoly3 (@ (x) tanh(x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh (x) ", "tanh_9.txt")
PadeShamPoly3 (@ (x)erf (x) ,gx,[0:.01:2.1],Lb,Ub, runNum, "erf (x) ", "erf 9.txt")
PadeshamPoly3 (Q (x)exp(x) ,gx,[0:.01:2],Lb,Ub, runNum, "exp (x) ", "exp_ 9.txt")
PadeShamPoly3 (@ (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum, "1ln(x)","1ln_9.txt")
PadeShamPoly3 (@ (x) loglO(x) ,gx,[1:.01:10],Lb,Ub, runNum, "log(x)","log_9.txt")
PadeShamPoly3 (@ (x)10.”x,gx,[0:.01:1] ,Lb,Ub, runNum, "10%x","pwrl0_9.txt")

PadeShamPoly3 (@ (x) tinv (0.95,x%) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.95,x)","ti
nvl 9.txt")

PadeShamPoly3 (@ (x) tinv(0.975,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.975 ,x)","
tinv2_9.txt")

PadeShamPoly3 (@ (x) 1ogl0 (gamma (x)) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "logl0OGamma (x) "
,"loglOGamma_ 9.txt")
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PadeShamPoly3 (@ (x) digamma (x) ,gx,[2:0.1:100] ,1Lb,Ub, runNum, "digamma (x) ", "digamm
a 9.txt")

PadeShamPoly3 (@ (x) trigamma (x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "trigamma (x) ", "trig
amma_9.txt")

PadeShamPoly3 (Q (x) besselj (0,x) ,gx,[2:0.1:30] ,Lb,Ub, runNum, "J0 (x)","J0x_9.txt"
)

PadeShamPoly3 (Q (x)bessel]j(1,x),gx,[0:0.1:30],Lb,Ub, runNum,"J1(x)","J1lx_9.txt"
)

PadeShamPoly3 (Q (x) besselj(2,x),g9x,[0:0.1:30] ,Lb,Ub, runNum, "J2 (x)","J2x_9.txt"
)

PadeShamPoly3 (Q (x)bessel]j(3,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J3(x)","J3x_9.txt"
)

PadeShamPoly3 (Q (x)bessel]j(4,x),g9x,[0:0.1:30] ,Lb,Ub, runNum, "J4 (x)","J4x_9.txt"
)

PadeShamPoly3 (Q (x) besselj (5,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","J5x_9.txt"
)

PadeShamPoly3 (@ (x) integral (@ (z)sin(z.”*2) ,0,x) ,gx,[1:0.01:5],Lb,Ub, runNum, "Fre
snelSine (x)","FresnelSine 9.txt")

PadeShamPoly3 (@ (x) integral (@ (z)cos(z.”72),0,x) ,gx,[0.5:0.01:5] ,Lb,Ub, runNum, "F
resnelCosine (x)","FresnelCosine 9.txt")

PadeShamPoly3 (@ (x) integral (@ (z)sin(z) ./z,0,x) ,gx,[1.3:0.1:20] ,Lb,Ub, runNum,"S
i(x)","Si_9.txt")

PadeShamPoly3 (@ (x)0.57721566+1og(x) -integral (@ (z) (1-
cos(z))./z,O,x),gx,[0.5:0.1:20],Lb,Ub,runNum,"Ci(x)","Ci_9.txt")

PadeShamPoly3 (@ (x)asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x) ", "asinh 9.tx
t")

PadeShamPoly3 (@ (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh(x) ", "acosh_9.tx
t")

PadeShamPoly3 (Q (x) atanh(x) ,gx,[0:0.001:0.999] ,Lb,Ub, runNum, "atanh (x) ", "atanh_
9.txt")
end

if selIdx==0 || selldx==10
1stA = [0 2.2];
1stB = [0.1 3.5];
lstOrder = [3 7];

Lb = [1lstA(l) 1lstB(1l) l1lstOrder(l) l1lstOrder(l)]:
Ub = [1lstA(2) 1lstB(2) l1lstOrder(2) lstOrder(2)]:;
gx = @(i,A,B)A+B*loglO (i) *4;

PadeShamPoly2 (@ (x) acos (x) ,gx,[0:.01:1],Lb,Ub, runNum, "arccos (x) ", "arccos_10. tx
t")
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PadeShamPoly2 (Q (x)asin(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arcsin(x) ", "arcsin_10.tx
t")

PadeShamPoly2 (Q (x)atan(x) ,gx,[0:.01:1],Lb,Ub, runNum, "arctan(x)", "arctan_10.tx
t")

PadeShamPoly2 (@ (x) sin(x) ,gx, [0:pi/1000:pi/2] ,Lb,Ub,runNum,"sin(x)","sin_10.tx
t")

PadeShamPolyZ(@(x)cos(x),gx,[O:pi/lOOO:pi/Z],Lb,Ub,runNum,"cos(x)","cos_lO.tx
t")

PadeShamPoly2 (@ (x) tan(x) ,gx,[0:.01:1] ,Lb,Ub, runNum, "tan(x) ", "tan_10.txt")
PadeShamPoly2 (Q (x) sinh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "sinh(x)","sinh 10.txt")
PadeShamPoly2 (Q (x) cosh(x) ,gx,[0:.01:5],Lb,Ub, runNum, "cosh(x)","cosh_10.txt")
PadeShamPoly2 (@ (x) tanh(x) ,gx,[0:.01:3],Lb,Ub, runNum, "tanh(x) ", "tanh_10.txt")

PadeShamPoly2 (Q (x)erf (x) ,gx,[0:.01:2.1] ,Lb,Ub, runNum, "erf (x)","erf 10.txt")

PadeShamPoly2 (Q (x) exp(x) ,gx,[0:.01:2],Lb,Ub, runNum, "exp (x) ", "exp_ 10.txt")

PadesShamPoly2 (Q (x) log(x) ,gx,[1:.01:10],Lb,Ub, runNum, "1ln(x)","1ln_10.txt")

PadeShamPoly2 (@ (x) logl0(x) ,gx,[1:.01:10] ,Lb,Ub, runNum, "log(x)","log_10.txt")
PadeshamPoly2 (@ (x)10.”x,gx,[0:.01:1] ,Lb,Ub, runNum, "10%x", "pwrl0_10.txt")

PadeShamPoly2 (@ (x) tinv (0.95,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.95,x)","ti
nvl 10.txt")

PadeShamPoly2 (@ (x) tinv (0.975,x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "tinv(0.975,x)","
tinv2_10.txt")

PadeShamPoly2 (@ (x) 1ogl0 (gamma (x) ) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "logl0Gamma (x) "
,"loglOGamma_ 10.txt")

PadeShamPoly2 (@ (x) digamma (x) ,gx,[2:0.1:100] ,Lb,Ub, runNum, "digamma (x) ", "digamm
a_10.txt")

PadeShamPoly?2 (@ (x) trigamma (x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "trigamma (x) ", "trig
amma_10.txt")

PadesShamPoly2 (Q (x) bessel]j(0,x),gx,[2:0.1:30] ,Lb,Ub, runNum, "JO0 (x)","J0x_10. txt
")

PadeShamPoly2 (Q (x)bessel]j(1l,x),gx,[0:0.1:30] ,Lb,Ub, runNum,"J1(x)","Jlx 10.txt
")

PadeShamPoly2 (@ (x) besselj(2,x),g9x,[0:0.1:30] ,Lb,Ub, runNum, "J2 (x)","J2x_10.txt
")

PadeShamPoly2 (Q (x) bessel]j(3,x),gx,[0:0.1:30] ,Lb,Ub, runNum, "J3(x)","J3x_10.txt
")

PadeShamPoly2 (Q (x) bessel]j(4,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J4 (x)","J4x_10. txt
")
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PadeShamPoly2 (Q (x) bessel]j(5,x) ,gx,[0:0.1:30] ,Lb,Ub, runNum, "J5(x)","J5x_10. txt
")
PadeShamPoly2 (@ (x) integral (@ (z)sin(z.”*2) ,0,x) ,gx,[1:0.01:5],Lb,Ub, runNum, "Fre

snelSine(x)","FresnelSine 10.txt")

PadeShamPoly2 (@ (x) integral (@ (z) cos(z.”2) ,0,x) ,gx,[0.5:0.01:5] ,Lb,Ub, runNum, "F
resnelCosine (x)","FresnelCosine_10.txt")

PadeShamPoly2 (@ (x) integral (@ (z)sin(z) ./z,0,x) ,g%x,[1.3:0.1:20] ,Lb,Ub, runNum, "S
i(x)","si_10.txt")

PadeShamPoly2 (@ (x)0.57721566+1og(x) -integral (@ (z) (1-
cos(z))./z,0,x),9x,[0.5:0.1:20] ,Lb,Ub, runNum, "Ci(x)","Ci_10.txt")

PadeShamPoly2 (Q (x) asinh(x) ,gx,[0:0.1:100] ,Lb,Ub, runNum, "asinh(x)","asinh 10.t
xt")

PadeShamPoly2 (Q (x) acosh(x) ,gx,[1:0.1:100] ,Lb,Ub, runNum, "acosh(x)","acosh_10.t
xt" )

PadeShamPoly2 (Q (x) atanh (x) ,gx,[0:0.001:0.999],Lb,Ub, runNum, "atanh (x) ", "atanh_
10.txt")
end

toc;

% make some sound
playmynotes ()

if bShutdown
system('shutdown -s');
else
fprintf ("\n\nDone!\n\n") ;
end

The above listing has the following global and operational variabls:

e The global variable bUseDiary is a Boolean flag used to tell the functions
PadeShamPoly2() and PadeShamPoly3() whether you want to copy the
screen output to diary text files.

e The global variable bDeletelfExists is a Boolean flag used to tell the
functions PadeShamPoly2() and PadeShamPoly3() whether you want to
delete diary files if they exist.

e The variable selldx allows you to select calculations for one of the seven
groups (when set to the targeted group number) or all of the groups (when
set to 0). I am using this scheme to reduce calculation time which can be
done by working with a specific set of approximations.

e The Boolean variable bShutdown tells the Matlab script whether to shut
down the computer when done.
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When the script goAll is done with the calculation it executes the script
playmynotes.m to play ten random sinusoidal notes. You can comment out the call
to the audible script to keep the script quiet. | wrote the script for playmynotes.m
based on the code | found in the fine book Programming Fundamentals Using
MATLAB written by M. Weeks and published in 2020 by Mercury Learning. The
book comes with a CD that containes all the Matlab source code and figures in that
book. The source code for playmynotes.m is:

n = 10;
frq = 8192;
notes = 220 + fix(220*rand(n,1));

for i =1:n
znotes(i,l:frq) = 0.5*sin(2*pi*notes(i)*(0:frq-1)/£frq);
end

for i = 1:n
sound (znotes (i,1:frq)) ;
pause (1)

end

You can edit the script in goAll.m to perform Pade-Shammas polynomial fitting
for other functions you are interested in or for other Shammas polynomial orders.

GENERAL COMMENTS ON RESULTS

The next sections show the results of fitting various common functions each with a
variety of Pade-Shammas polynomials. There is a summary table for each fitted
function showing the Shammas polynomial parameters, the F statistic, the AICc
statistic, the root mean sum of errors squared, and orders of the fitted Pade-
Shammas polynomials. I use the the root mean sum of errors squared to select the
best Shammas polynomial powers. | have deliberately not included the coefficient
of determination and its adjusted value in the table. Why? These values are very
close to 1 and we are better served to look at other statistics. | have included the
values for the F and AlCc statistics, even thought they are infinity and minus
infinity.

2. The next sections display the results of the Pade-Shammas polynomials. The
regression coefficients for the Q,(x) and Dy,(x) Shammas polynomials appear as
one long list labeled x1 and up. The results include the orders for the Qn(x) and
Dm(x) Shammas polynomials which should easily indicate with regression
coefficients belong to Qn(x) Shammas polynomials and which one belong to Dm(X)
Shammas polynomials. The results also include the list of powers associated with
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Qn(x) and Dm(x) Shammas polynomials. Here is an example. Looking at the results
for the inverse hyperbolic cosine:
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Fitting acosh(x) in range (1.000000, 100.000000)
Pade-Shammas polynomial power is A+B*i

Linear regression model:
y ~1+ x1 +x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10

Estimated Coefficients:

Estimate SE tStat pValue
(Intercept) -7.65714007212127 0 -Inf 0
x1 33.3385052174594 0 Inf 0
x2 -57.1709436312584 0 -Inf 0
x3 49.1740680668373 0 Inf 0
x4 -22.7142392781885 0 -Inf 0
x5 5.89936499013805 0 Inf 0
x6 -0.936296960435223 0 -Inf 0
x7 0.0666816376160401 0 Inf 0
x8 2.76468166667437 0 Inf 0
x9 -2.5074894781991 0 -Inf 0
x10 0.742729123722548 0 Inf 0

Number of observations: 991, Error degrees of freedom: 980
R-squared: 1, Adjusted R-Squared: 1

F-statistic vs. constant model: Inf, p-value = 0
SumSq DF MeanSq F pValue
Total 804.145957758438 990 0.812268644200442
Model 804.145957758438 10 80.4145957758438 Inf 0
Residual 0 980 0

A = 0.000000, B = 0.152812
order Q(x) = 7.000000, order D(x) = 3.000000

List of powers for Q(x): [0.152812, 0.305624, 0.458436, 0.611248, 0.764060, 0.916872,
1.069684]

List of powers for D(x): [0.152812, 0.305624, 0.458436]
Fitting acosh(x) in range (1.000000, 100.000000)

MSS of errors squared = 9.351430e-07

Corrected MSS of errors squared = 1.322492e-06

R-Squared = 1.00000000

R-Squared Adjusted = 1.00000000
Particle swarm AICc = -1.000000e+99
AIC = -Inf

AICc = -Inf

First look at the orders of the Q,(X) and Dy,(X) Shammas polynomials. They are 7
and 3, respectively. Then look at the list of regression coefficients labeled x1
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through x10. Since Qn(X) has the order of seven, its regression coefficients are the
ones labeled x1 through x7. The remaining three regression coefficients are labeled
x8 through x10. You can find the list of the Q,(x) and D(x) Shammas
polynomials right below the line showing the polynomial orders.
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RESULTS FOR THE INVERSE HYPERBOLIC COSINE

Using Power A+B* i
Fitting acosh(x) in range (1.000000, 100.000000)
Pade-Shammas polynomial power is A+B*i

Linear regression model:
y ~ 1+ x1 +x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10

Estimated Coefficients:

Estimate SE tStat pValue
(Intercept) -7.65714007212127 0 -Inf 0
x1 33.3385052174594 0 Inf 0
x2 -57.1709436312584 0 -Inf 0
x3 49.1740680668373 0 Inf 0
x4 -22.7142392781885 0 -Inf 0
x5 5.89936499013805 0 Inf 0
x6 -0.936296960435223 0 -Inf 0
x7 0.0666816376160401 0 Inf 0
x8 2.76468166667437 0 Inf 0
x9 -2.5074894781991 0 -Inf 0
x10 0.742729123722548 0 Inf 0

Number of observations: 991, Error degrees of freedom: 980
R-squared: 1, Adjusted R-Squared: 1

F-statistic vs. constant model: Inf, p-value = 0
SumSqgq DF MeanSq F pValue
Total 804.145957758438 990 0.812268644200442
Model 804.145957758438 10 80.4145957758438 Inf 0
Residual 0 980 0

A = 0.000000, B = 0.152812
order Q(x) = 7.000000, order D(x) = 3.000000

List of powers for Q(x): [0.152812, 0.305624, 0.458436, 0.611248, 0.764060, 0.916872,
1.069684]

List of powers for D(x): [0.152812, 0.305624, 0.458436]
Fitting acosh(x) in range (1.000000, 100.000000)

MSS of errors squared = 9.351430e-07

Corrected MSS of errors squared = 1.322492e-06

R-Squared = 1.00000000

R-Squared Adjusted = 1.00000000
Particle swarm AICc = -1.000000e+99
AIC = -Inf

AICc = -Inf
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Using Power A+B/i

Fitting acosh(x) in range (1.000000,

Pade-Shammas polynomial power is A+B/i

Linear regression model:
vy ~1+4+ x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10 + x11 + x12 + x13

Estimated Coefficients:

(Intercept)

x1
x2
x3
x4
x5
x6
x7
x8
x9
x10
x11
x12
x13

Number of observations:
R-squared: 1,
F-statistic vs.

Total
Model
Residual

A = 0.000000,

order Q(x) =

List of powers for D(x):

0.099218]

Fitting acosh(x) in range (1.000000,

Estimate

0.231597869387483
-0.0996254818328427
3.15921408159802
-15.0525332981518
18.9287330553568

0

-7.16738622611794
0.00553988904295155
0.593896562343958
-10.5430509644483
42.5858817192991
-51.0039089534056

0

19.3616369653409

Adjusted R-Squared: 1

100.000000)

SE tStat

O O O OO0 OO0 Oo o o o o

pValue

Inf
-Inf
Inf
-Inf
Inf
NaN
-Inf
Inf
Inf
-Inf
Inf
-Inf
NaN
Inf

991, Error degrees of freedom: 979

constant model: Inf, p-value = 0

SumSq DF

804.145957758685 990
804.145957758685 11
0 979

B = 0.694529
6.000000, order D(x) = 7.000000
List of powers for Q(x): [0.694529, 0.347265, 0.231510,
[0.694529, 0.347265, 0.231510,

MSS of errors squared = 9.444387e-07
Corrected MSS of errors squared = 1.335638e-06

R-Squared = 1.00000000

R-Squared Adjusted = 1.00000000
Particle swarm AICc = -1.000000e+99
AIC = -Inf

MeanSq

o O O o o

Na

2

O O O O O ©

NaN

0.812268644200692
73.1041779780622

100.000000)
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0

0.173632,
0.173632,

F

Inf

pValue

0.138906, 0.115755]
0.138906, 0.115755,
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AICc = -Inf

Using Power A+B*sqrt(i)
Fitting acosh(x) in range (1.000000, 100.000000)
Pade-Shammas polynomial power is A+B*sqrt (i)

Linear regression model:
y ~ 1+ x1 + x2 + x